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— In any inertial navigation system the platform must be initially aligned ir
some known frame of reference prior to operation in the navigation mode. Self-
alignment methods are preferred in most applications, and the usual procedure is
to align the platform locally level with one accelerometer axis pointing north.

In the current generation of aircraft inertial systems the sensed acceleration is

in the form of incremental velocity pulses. These are accumulated to yield a measure
of total velocity within the granularity of the incremental velocity change. Kalman
filtering techniques have recently been applied to the alignment problem, the usual
mode of operation samples the total velocity at a fixed rate, and the resulting
sequence of samples becomes the input to the Kalman filter. Granularity in the
velocity measurement is then treated as uncorrelated measurement noise.

4 new approach to the alignment problem is considered in this report whereby
the incremental velocity pulses are modeled directly as the measurement sequence.

This leads to three important changes in the filter model:

(1) aperiodic sampling
is obtained;

(2) measurement noise due to granlarity is eliminated: and—{3) a
delayed scate appears in the measurement equati-n. This latter condition forces the
use of a modified form of the Kalman recursive equations. Rcsults of Monte Carlo
simulaticns for one set of noise parameters are given. These indicate that con-

siderablie improvement in perfurmance may be expected from this technique relative
to the more conventional mode. ing technique.
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ABSTRACT

In any inertial navigation system the platform must be initially
aligned in some known frame of reference prior to operation in the
navigation mode. Self-alignment methods are preferred in most appli-
cations, and the usual proccedure Is toc align the platform locally level
with one ac:elerometer exis pointing north. In the current generation
of aircraft inertial systems the sensad acceleration is in the fore
of incremental velocity pulses. These are accumilared to vield a
measure of total velocity within the granularity of the incremental
velocity change. Kalman filtering techniques have recc"t1» been applied
to the alignment problem, the usual mode of operation samples the tcotal
veiocity at a fixed rate, and the resulting se “uence of samples becomes
the inpst to the Kalman filter. Granularity in the velocity uea,ure-
ment 1S then treated as uacorrelated measurement no:se.

A new approach to the alignment prcoblem is considered in this
report whereby the incremental velocity pulses are modeled directls as
the measurement sequence. This leads to three important changes in
the filter model: (1) aperiodic sawpiing is obtained: (2) measurement
noise due to granularity is eliminatad; and (3) a delayed state appears
in the measurement equation. This latter conditicr forces the use of
a modified form of the Kalman recursive equations. Results of Monte
Carl: simulations fcor cone set of ncise parameters are given. These indi-
cate rthat ccnsiderablas improvement in performance may be expected from

this technique relative tv the mtre conventional modeling tecnnique.
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I. INTRODUCTION

Before an inertial navigation system can be used as a reliable
navigation aid, certain guantities must be initialized. These include
the vehicle positicn and velocity and the platform orientation with
respect to the navigation coordinate system, Obvicusly, the accuracy
tc which these parameters can be determined is a limiting factor in
system performance. If the vehicle is stationary, we presumatly know
its position and velocity essentially perfectly. Thus, these values can
be accounted for in a straightforward fashion.

To align the platform in any coorcinate frame, knowledge must be
outainec of three angles, usually those aiong the axes of the given
coordinate system. For simpiicity an x-asis north, y-axis west, and
w-axis up frame of reference is nused throughout this paper. Various
leveling and gyrocompassing schemes are well documented 1. and will neot
be discussed here, Essentially, leveling is performed tc aiign the
platform witn the east-west and north-south axes while gyrocompassing
reduces the azimuth or "north-pointing” error.

Trsditionally, the azimuth misalignment following an aligmment
period has been about an order of magnitude greater thzn the corresponding
level error angles. In recent wvears, however, the use of Xalman filtar
theory in ¢stimating the above quantities has improved initial alignment
and subsequently increased inertial navigatior accuracy capability.

If a Kalman filter is usel to estimace the platform orientation
éngles, the estimactes can be used in either closad or open loop form.

The latter method will be assumed and is iliustrated in Figure 1.

t e
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Inertial Navigation |

Vehicle . System Kalman | Platform
Dynamics! (Including Gyros and Filrer | Misorientation
Accelerometers) Angles

Figure 1. Open loop estimaticn

In this scheme output from the imertial navigation instrument cluster ig
processed in the Kalman filter for some predetermined alignment time, At
the «nd cf the alignment interval, platform correctiorn information pro-
portional to the misalignment angles is used in the torcuer motors to
correct any platform misorientatioa.

In this paper a gyroccmpassing technique using 2 new and unique
incremental velocity measurement algorithm in a Kaiman filter estimation
schiene is presented and compared with a system empioying a somewhat

standard time intsrval measurement method with simple periodic sampling.
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II. KALMAN RECURSIVE EQUATIONS

Two sets of Kalman filter equations are utilized. The first includes
the "standard" recursive relationships [2] in which the state and measire-
ment models are reguived to have the format specified below. The system

dynamics are assumed to satisfy the first-order differential equation
x = Ax + Df (¢))

This iirst-order equation is then assumed to transfer to a discrete state

equation oi the form
= b 2
*a+l ‘n‘n ¥ 8n ()

where x is the system state at time t dn the state transition matrix
at time tn’ and g, ar uncorrelate? sequence representing the system
response to white noise inputs. As in {(2), matrix and vector quantities
will be implied as the situation dictates.

The measurement equation is formulsted as
=Mx +
Yo o¥n éyn 3)

where Y, is the measurement at time tn’ Hn the linear connection wstrix
relating rhe various states, and 6yn an uncorrelsted sequence of measure-

ment noises (white).

Wi_h the system modeled by (2) an (3) the recursive Kalman equations

are
* 7 _*T -1 :
= +V ) 4 .
bn Pnﬂn(HnPan Vn, &)
x = x'+5{y -y (5)
n n n yn yn

o [TV T W F VPR
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* * T .T
P =P -b(MPM + V. ) (6)
n n n " nnn a’ n
P A A
.
3 x - éx 7
E n+l o n @
E * T
3 P =4 Pé +H 8;
e a+l aan n (85
; where $p = transition matrix for interval irom tn to tn+1
xn = true state at time tn
A - - - -
x = optimum 3 posteriori estimate of x at time t,
A, . . . A 3
x = optimum a pricri estimate of x at time tn
bn = gain matrix
¥, = measurement at time tn
A A
3 ]
=M X
Ya = “v%n
% A
Pn = covariance matrix 2f the ¢stimaticn errox (x; - xn)
< . . A
P_1 = covariance matrix of the estimation error (xq - xn)
Hn = measurement matrix
Vn = covariance matrix of the measurement error, i.e.,
T
V = E(Xy £
n (yhyﬂ)
Hn = covariance matrix of the response of the states to all
. . . . , T
white ncise drivirg functions, i.e., hn = E(gngn)

Lt = time increment between t and t
n o+l

The other set of recursive equations used involve the use of a

modified (delayed-state) measurement model, The measurement equation is

+ ¢y (¢

vy =Mx_+Nx
n n a n n

n-1

e o A S ————
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That is, ths measurement at time tn consietz of a linear connection to
states at both t and t 1 Acs before, the system is described by (2).

In this configuration the recursive relationships become [ 3]

P 3 T, .-1
bn - (PnMr * ¢n-an-an)Q (10)
f ok ey - 3D (11)
*n~ *n n°’n yn
P =P -bQb (12)
n n n
l' _ ‘e
X+l ‘n"n (13)
S =4 P 4w (14)
a+l nnn n
where
* T T T T T
= (» b 7 hed 3 > ]
Q (ann n + ‘n) * NnPn-]Nn * nPn-l n-lHn * Hngn-an-lrn
(135)
and
.A.' -— H A' + N A 16)
*n nxn nxn-l (

A derivatior of the abeve delayed-state equations in included in the

Appendix of [4;.
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III. MATHEMATICAL MODELS

A, System Dynatics and Incremental Velocity
Measurement Model
The following development of the system dynamics is essentially
inciuded in Pitman {1} while the incorporation of the new increwental
velocity measurzmeat algorithm is taken largely from unpublished notes
by Dr. R. G. Brown cf Iowa State University.
The basic equations thnat describe the inertial system error propaga-

tion for a stationmary vehicle are

, -0 = .
I vx JZby € (17)
v s . _
Equations { ?y *'ﬁzvx Oxvz T ¢y (18)
l vtV =e 19)
{ 65 + X 68 + w2(69 4+ ¢ )= 6a /R (20)
Schuler Y 2 x oy v x
Dynamics ; . . 2
Dex - 20269y + w°(68x + vx) = - cay/R 21
where

é , 6 , 6 = actual platform coordinate frame errors

te_, 58y’ §8_ = computer coordinate frame ervors
i=6-50

Sx, Qy, Qz = angular earth rates componenis along the

X, ¥, and 2 axes respectively

)
-
™
-
"
U]

gyro drift rste (bias) errors

ta_, fa_ = accelerometer bias errors

v~ . o
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R = radius vector from the center of the
earth to .rue vehicle pousition
wi = local gravity vector, g, divided by the

earth radiucs vector, R

The above angles are iliustrated in Figure ?

% 20 2 X, y, z = Ideal coordinate

system
(up)
x's y'y 2' = Actual platform
coordinates
x*, y*, zx = Computer platform
coordinates
_*
- - — y'
- T y (west)
/i
662 |
s 1
X z / |
(north) \:‘Yz |
x' =
x*

Figure 2., Coordinate system relationships

It should be noted that a third Schuler equation involving 592 is not

included because the vertical error is assumed to be zero.

ry e R Y

The physical quantities that we desire to estimate in our Kalman

g i

filter are the level tilts (dx and 6y) and azimuth error (62). These

m

angles can be inserted into the system equations through the relation

LA A

ks




I T T S T PR e e T ST AT ST R ST AT B TR R

6 =%+ 83. The effect of knowing position perfectly is that §8 = 0.

Thus, 6 = § and (17), (18), and (19) become

- - f 2
‘ Qz‘y x (22)
6y + 6 -Q¢é = € (@3)
é, + ax‘y =€ (245

For the purposes of this study we make several simplifying assump-

tions. We first assume that some sort of coarse aligmment has taken

{Rate i uh = SR A2 0 | A LIRS GRS Ll 2 AL DAL L0 LA LIRY A thinhl Ld S5 D A & SN L M/ Al A S s R A i LAR A

place such that the level tilts are relatively small as compared with
azimuth error (statistically, at least), Also we et the gyro drifts and
accelerometer biases be zero (i.e., we assume perfect instruments).

Then (22), (23), and (24) become

;sx ~ 0 (25)
3y -G 6 ~0 (26)
é ~0 @n

An explicit solution can now be written for ‘x’ ‘y’ and dz.

3 (t) = 6 _(0) (28)
é_(t) = 6_(0) (29)
z z
p RS
(0 = N Q8,4 + 4 (0)

=0,6,00)t + 6 (0) (30)

or
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- - - — — 1 o -y
é 1 0 0 é_{(0)
x x
zero
‘y = 0 1 th R éy(O) + driving (31)
function
é 0 0 1 é_(0)
2z z
L i ; L J i .

These, then, are the basic state equations.

The measurement model must take into account the "real-world”
accelerometer mechanizativn. Basically the accelerometer emits a pulse
vhenever a predetermined increment in velocity (integrated acceleration)
is reached. Physically this can take the form of an integrator at the
accelecwnoter output. The integratcr is used in conjunction with 2
threshold detector that emits a + &V pulse whenever the preset threshold
is reached. ¥hen the delta velocity pulse is emitted, the apprcpriate
positive or negative LV increment is fed back, ideally resetting the
integrator to zero. An example of an integrated acceleration function

and the corresponding sequence of LV pulses is shown in Figure 3.

Integrited

Acceleration
av 4

Accelerometer ‘ l l l !

Out put Tty ty . . . I i Tirme
~LV

Figure 3. Integrated acceleration function
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Note the nonuniform time interval between pulses.

Using the open-loop correction scheme di:cussed .bove, we want to
estimate the level tilts (‘x’ éy) and the azimuth error (62) based on
a sequence of AV measurements that occur in a finite interval of time.

Zxplicitly the AV measurement is (for both accelerometers)

t
. a
- a_it)de
n-1
and
t
_n
a_{(t)dc
Ta-1
Now
= - $ N 2
a géy + (moi.se)x (32)
a_ = gé + (Noise] (33
¥ ge )y )

Using (31), (32), and (33) the probiem decouples as follws

1 6:: = 6‘(0) Process Model
East-Wast ’
Channel { a_ = gé_ + (Noise) Yeasurement
y x y

;’6v 1 P ael [460]
. T . . Process Mocel
Xorth-South !5 l o - é (©) oc
Chatnel <z | z

a = - géy + {Soise)x Measurement

At this point we will davelop only the north-south measurement eguations

-

as that chaanel furnishes the informstion concerning azimuth error. The
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east-west derivation proceads in ar analagous fashicn and will be

omitted,

The actual measureaernt is

Writing this out explicitly we obtain {from (32)),
t o t
n . n n
.f ax(t)dt = Jt ~ g‘y(t)dt + j noise

tn-l n-1 tn-l

Substitucing for ‘y(t),
t t t
.o .n - . n )
R ax(t)dt =-g {QXJ:(O)t + dy(O)Jdt + noise

n-1 th-1 ta-1

., 2 2
= -0 4 (O - t )" 3‘;:(0)(% -t )
+ f ncise (34)

Now substituting
‘y(O) = ‘y(t; - Qx‘zt

= Jy(tn) - D‘éztn

and éz(O) = ‘z(tn) into (34) we obtain

t
- 2 _ 2 )
5 a (t)de = -4gné (c - )@ () Qé e -t )
n-1
t
- ]
+ ] noise (35)
t
n-1

preery

A s s
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Pearranging (35)

t
n
= - i - 31
X ax(t)ét g ﬂxéz(tn tn-l)'. € J5(::{1 +e
n-i ‘tn
- - - 3
4 éy(tn) (tn tn-l) : . noise (36)
a-1
Now ijet t -t = 4t _. Then
n a-1 n
t
. n . 2
. a (t)de = (g G ot )é {t ) + (- gAtn)dy(:n)
a-1 t
. R
+ noisa 37)
tn-l

Equation (37) is now in the correct measurement format except for the
noise tern,

To account properly for the integrated noise term in (37), let us
assune that the zajor source of noise is random lateral =ction of the
vehicle plus white instrument noise. Although lateral =otion was ignored
in the systen process derivation, it is an irportant noise source due
to wind buffeting, loading, and gereral random motions that occur to the
vehicle. 1In deriving our noise model we will let the vehicle be an
aircraft, thus knowing that there is no appreciable net rando= motion
(position) when it is stationma~y on the ground. At the acceleration
levei this is a special type of noise; it is such that the double integral
of the acceleration noise is bounded, and is thus a stationary process.
Therefore, let us assume that at the position level, the process is
shapeé ¥arkov. Then, so that acceleration and velocity have bounded

[/

variance, we postulate the model shown in rigure & (position that is
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Markov shaped by a second-order filter). Note that position, velocity,

Unicy 2 2 Acceleration

- 2. @ . .
White X = 2 > T BTEH Noise
’f‘?zfe s¥e 2+ 20w s + wi (0
b velocity

position

Figure 4, Noise model

~
=
-

. . ces un 2
and ac-eleration all have bounded variance with the parameters 5 s

2
L, and { chosen to fit the physical situatica at hand.

The seccnd part of the integrated ncise term is the coanrribution
due to instrument ncise. This noise is assumed to arise from the basic
accelercmeter itself (e.g., prcof mass jitter due to noise from the
servo electronics) and thus appears as integrated acceleraticn noise
at the instrumant output. We will assume that the basic acceleration
ncise is white, thus the accelerometer output is 2 random walk process
as shown in Figure S. Kl is chosen to fit the physical situation.

The randoz= wvalk process is described vy the first-order differential

eguation
n,(t) = v(t) 33
iategrating, we obtain

n,(t) = n2(0) + h{t) (Driven Response) (39

4
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or in difference equation format

n =n + h 490)

vhere hn is found by forming the convolution integral 53
at
hn = | y(u)v(st-u)du 41
0

y(u) is the weighting fuaction of the filter (i.e., the inverse Laplace

transform of 1/s).

1
Instrument Noise —e ; — Acceleration Noise

v(t) n, (t)
{vhite noise-amplitude Kl)

Figure 5. Instrument noise random process

y{v) =a:'1[1/s] (42)
=1
Then
At
h_ = l-v(at-ujdu = 0 (%3)
R

since the white noise input v(t) has zero mean. Also,

At a4t

2 & A
he= ] [ y@y)vis-w)v(st-u)dudy ()

0 o

and At &t
hi = | | y(@)yWwiv(At-u)v(st-w)dude (45)

. d
0 0




Since v{t) is white noise with amplitude Kl’ v(t-udu(t-w) = K_l‘.(u-w),
where 5( ) is the Dirac delta function. Then
At At
2 - .
hy =, [ 11-K 8(u-w)dudy (%5)
0 0
Using sifting integral theory,
Lt
h2 =k dw
n « 1
0
= i{lt,t 7)

Thus hn can be represented by an unco-related sequence of Gaussian random

variables with zero mean and variance equal *o K_ct,

1

Let us now assign states to the physic:il quantities to obtain the

correct process model format for t'.e Ka mar filter. Let

x, =6 (48)
i v
x, = éz (49)

Figure & can be redrawn as

I 2 I Acceleration
T Noise
t T )
f(r)y —¥ 3 3 al s p» Velocity
(s +)(s" + 25w s v @) z(t) Noise

(Unity

White
Noise) _,l 1 > Position
, Noise

Fijoure 6, State formulation of noise model

GNP b e A A4 rin o s
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Now let
x, = z(t) {posizion noise) (50}
x, = z(t) (velocity noise) {,1)
X = Z(t) {acceleration noise) (52)

The basic differential equation is

s e .

z+ (3 + chr)'z' + (uzf, + 280w )z + Bwiz = bzﬁ‘wﬁ-f(t) (53)

Then in matrix form we have

] [ o ! o 1 [x]
X3 X3
x, = 0 0 1 . x,
x B0l -Pe2scu ) -(GH2Cw) x
L 5 | T r r ®r T ] 75
‘ol 0 ———
+ 0 (5%)

szzaou,z-f(t)
- r p-

Equation (54) is in the standard state variable form of Equation (1).

The state transition matrix can now be found in closed form from
-1~ -1 ,
6(t) =& T (s1 -4) ] {55)

where I is the identity metrix. Each term of é(t) is of the form

. -84t =fw_ At /- 2, p
xij e + Lij e > r  sin (mrll { ot + 913) {56)

e e g s,
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where K, , L.., and 8_,
3 1} 13

. - . 2
are functions of wr, 7, 15, and
Tne driven respcnses for the states (gn) can be found in closed

form by again forming the convolution integral

t

x;(t) = [y, @f{t-u)du . (57)
0

where yi(u) is the weighting functica berween f(t) and the state of

interest, Xg. Then

ool
;3;
%‘
E
%
:
E
-
¢
3
£
ke
[ o
E
:
£
:
£
i
¥
£
i
g
‘
L
E
g

t
x (t) = [y (@)f(t-u)du = 0 (58)
0
and
t t
2 -~ e ——————————
x((e) = 1y )y, (V) Ee=n)f(c-v)dudv (59)
0o o
2

as tefore. x_(t) again indicates taking the expect.d value. Since f(t)

poe

is unity variance white noise, f(t-u)f(t-v) is just 5(u-v). Eguation (59)

ther becomes

t t
xz(t) = 1YWy (v)s{u-v)dudy (607
0
t
-~ 2
= yi(v)dv (61)
0

Thus the driven response for cach state, LI is a random variable with
t

s 2
zero mean and variance equal to yi(V)dv; where we let t = At.
0
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E Recapping, ther,

i X, r‘n(3’3) x, [ 84
3 ntl throvgh n n
é,:5,5)

¥ x = - x £

3 4 (Transition 4 + A
m+l Matrix) n n
3 x x 8

3 5 5

3 1

4 - ol - - - - nJ L nJ

Y

YT AR OMT

The last state to be coasidered is described by (40). Rere we let

n, =xg and hn=g6 . Th:u

4 n n n

f x =x, +g (62)
: 6n+1 6n 61:

3 Finally, combining all six states in matrix forn,

o hn r I
i .'lxl:t 0 0 0 o 0
0 1 0 0 0 o 0
M |
0 0 l 6u(3,3) : 0 8,
X .. = . ' x + “n (63)
L 0 0 ! through (0| ° g,
{ n
i 3
0 0 6n(5,- no &
L. d n
0 0 ¢ o 0 o0 B¢
b J e n-J

The process model is now in the correct format.

Returning to the measurement equation, (37), we now write

t
n
- . -~ -~ 2
y(e ) = . adec = (- Rt Jx,(t ) + (’58..xbtn)x2(tn)
n-1
t
R n
+ (Accelerometer XNoise)ct
t

n-1




71

= T R T s S T R e e 3 T A A e B g S T S e P T e T i S D e AT ST S N s e T e e T R P RN F VA AT, e T T T e T
R A N e e H o B i e o AT N T A AT o PR r e T R T il T

i

19

But tho integral of accelerometer noise is just X, + X3 thus,

y(e ) = (-g3t dx (£ ) + (g 0 Atxy(c )
+ "4(%) - xa(tn-l) + x6(tn) - x6(tn-1) (65)

Note the delayed states in the measurement equstion and the absence of
the "standard" measurement white noise. It should be noted from (62),
however, that x6(tn) - xﬁ(tn~l) is just g6(tn_1) or an uncorrelated

sequence of Gaussian randos numbers :rith zero mean and variance given
by (47). Thus this quantity could be accounted for in the measurement

equation by denoting it as Syn (measurerent noise;. Then (64) becomes
2
= {w g
y(t ) = {-gbt_)x,(t ) + (hg Q bt )x,(t )
+ xa(tn) - xa(tn-l) + 6y(tn) (65)

Including state six as a noise comtribution in the measurement equation
contains a significant advantage when implementing a recursive rou*ine
as this technijue reduces the dimencionality of the problem by reducing
the order of the state process. However, (64) will be considered the
measurement equation for purposes of this paper because, cs wiil be
shown later, the incremental time measurement noise cannot be handled
as in (65) above,

The model is now complete for us: in the delayed-state Kilman

recursive equations, i.e.,

WWWM&WWWM‘MW R Ko e aho keshd YO 85T
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(66)

Also note that each measurement Y, is either a positive or negative delta
velocity quantum and that the measurement time interval, Atn, is non-

uniform and varies as the process evolves.
B. Incremental Time Measucewnent: Mcdel

As szen in the previous section the incremental velocity algorithm
involves delayed states and nonstandard time intervals. Schemes used
for Kalman filter gyrocompassing in previous studies have ampioyed other
measurement models, usually involving a wniform time intarval. One
such model is described in some detail in [6].

In this model the output pulses from the accelerometer are stored
in a digital pulse count register. The register is then sampled at some
uniform rate to furnishk the Kalman filter measurement. The pulse count

in the register, then, is a measure of the total velocity (integrated

acceleration) and not the incremental change. The measurement equation is

t
y(c ) = ;-géydt + (Iategrated Acceleration Noise} + n_ (67)
0
The first term is handled as in the previous section except that
the time interval between measurements, At, is replaced by the total
elapsed tiwe t. The second quantity in (67) is just xé(tn) + xb(tr)

as derived in Section A, Notice that the instrument noise, Xes must be
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handled as a state since it is & random walk process and not a sequence
cf uncorrelated random numbers. The N term represents the quantization
error at each sampling of the accelerometer pulse count register.
Figure 7 illuscrates the measurement procedure for a typical member
function.

The registexrs are sampled at uniform At intervals and it can be
seen that the measurement may be im error by as much as + AV, Although
this measurement noise is not normally distributed with zero mean, and

is, in fact, uniformly distributed, the quantization error is assumed

Integrated
Acceleration

Pulse
Count
Register AV

28V

|

|
Sampled

Qutput 2pv :

{(at &t '

i

1

intervals) av

Figure 7, Time interval measurement

™

WWKWRMM&MHW:MWJA.‘ .




_ R i S e e TR T TN N L R S RO SR i e S TR e St N
wr T LR N T N T3 e S R ST I SN 2T Do TN S N A L SR SO S R S S S MG S I e e e LT T XA
SEARER el s ST SR R B A B = v IR ¥ = % 5

22

to be normally distributed {6). Thus n_ is assumed to be zero mean
Gaussian white noise with variance (AV)?'. letting o = 6yn we now

write (67) as

2 - -
y(t) = [-gt -kgﬂxt 0 1 0 1] x(t ) + A (68)

Equation (68) is now in the reduired format for the standard recursive

Kalman equations. 6yll is the measurem ut noise with variance (AV)Z.
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IV. DIGITAL SIMULATION

-

A. Method of Analysis

Evaluation of the pewv incremental velocity algorithm using any sort
of analytic techanique is, at best, very diificult. For this reason,
comparison with a more or less "'standard" estimation technique was chosen
as the best means for evaluating system performance. The approach taken
wss to simulate the physical random process and use both estimation
techniques simltaneously. At the end of some predeterxzined alignment
time the ability of the estimators to determine the actual value of the
azimuth error and level tilt was compared. Ten Mconte Carlo simulatioms
were performed to establish some measure of statistical validity. The
actual computer program - seG 10r the simmlation is included in fppendix A
while 2 flow chart illustrating program organization and the various
functional blocks is shown in Figure 3.

The program itself coasists of four sections, those being the main
program and tnree subroutines., The main program simulates the physical
systea and the delta velocity and time interval measurements while the
subroutines handle the Kalman estimation and the computation of the state
trausition and H matrices in closed form (the H matrix is the covariance

matrix of the state response due to the white noise inputs).

B. Process snd Measurement Simulation

The system is modeled by the difference eguation described by (2)

and uses a delta time interval of one millisecond (Table 1). 1t should

e P
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|

Time = Time + At

L

System Process
o+l

Initial Conditions

= ‘nxn + I)I!u!z ———— and Parameters

!

Actual Integrated Acceleration Function
z
(’3°t)xl + (33 th ))t2 +x,

3

Integrated Acceleration from the Accelerometer

(-g-t)x1 + (3g ﬁxtz)x2 +x, - x,(0)

+ Residuail Initial Condition

v

Pulse Count Register Output (above function
quantized into + AV steps)

I

Has Register Output Changed by aV?

' o

Yes L

No L_.___.

Kalman Estimstor Using
Velocity Measurement Algorithm

i

W

Bas 7ime Increased by Uniforms

Time Interval?

No

Yes

Kalman Estimetor Using
Time interval Measurzment
Algerithe

]

Figure 8. Computer flowchart
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be noted from Appendix A that x is not computed in a standerd iterative
ol

manner from

x = X

1 1 + ﬂxbt-xz (69)

ol n n

The second term in (69) ic very smll (typically 2 x 10-6) and when X
becomes large the technique is inaccurate due to round-off errors. This
problem could be handled by usinz dcuble precision techniques or by
computing the second term at each iteration and adding it to the fixed
initial xl(O). The latter approach is urilized in Appendix A.

For purposes of the simulation we assume that the accelerometer

instrument noise, X¢s is zero, i.e., again we assume perfect instruments.

Thus on.y five states are simlated in the program The state transition

matrix is computed from d‘]‘[ (sI - A)-l] as explained in Section III.

Noise parameters chosen to Zit the physical situation are included in
Table 1.

Table 1. Noise parameters

Parameter Value
02 9.0 i.uches2
B 0.1 sec”?
¢ 0.5
w_ 0.1 cps = 0.2% radians/second
st 0.001 second
latitude 40° N

[P
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The selected parameters represent a vehicle placed in a reasomably
benign enviromment. Aua example of this situation might be a larze
flexibie aircraft sitting on a racp with moderate wind, ioading, etc.
causing some randcm motion. The At increment is chosen so that the

1 process looks essentizlly continuous with respect to the system dynamics.

3 Closed form eguations for the state transirion matrix using the above

parameters are given it the main program and HPHI subroutine and are

included in Appendix A.

UOMERE BT 11 i LR Mg

Since we performed Mcate Carlo simulation, random initial conditions

were supplied t- the process for each run. Uncorrelated unity variance

oy

G

random numbers with Gaussian distribution were available on magnetic tape

and were transformed via the Schmid: orthogonslization procedure "7 into

initial conditions with the desired variances and covariances. In order

to accomplish this, let 245 235 235 Z5 and z5 be uncorrelatec¢, unity
variance, zero rean Gaussian random variables, States Xy and Xy are

decoupled from the other states and are assumed uncorrelated, Their

assumed variances are (1 ::xi.n)2 and (60 miu)z respectively, thus we let
X3 0) = z1
and

xz(O) = 60 z, (70)

States X35 X, and x. are not uncorrelated., Thus these initial conditions
7

must reflect the appropriate cross-corre.ation. Let
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with 3,5 33; ard b3 set equal to zero, Then

TIIT TR ITETT T

x3(0) = 3123

v N
~N

x50 = alzh = & (72)

'

This, then, specifies a;. In a similar manner

SALCLE CI T U TR E T B

0

4
—— 2 —
x3(0)x,(0) = abz. + a%zb = apb, (73)

as zq and z, are uncorrelated and zq has unity variance., Siuce a

115

specified by (72), b1 can aow be found. The remaining members of C may

be obtained in a similar fashion. :

2,97 0 0
C= 0 .69 0 (74)

-.161 0 .438

Although the terms in the 8, column vector were derived in Section III,
the use of some small time interval approximations simplify the computa-
tional effort (the derivations in Section III will be useful later in

computing the H matrix), 1If the system is described by (1), then,

integrating x yields

§ib cdbensa (80 A W 60 A0t ANk v Ut A e € R AN a1t 38V Sl R
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Lt At At
o x dt = A(t)x(t)de + | DE(r)de (75)
0 0 0

For small &t,
X
JA()x(t)dt = A(t)x(0)At (76)
0

In addition, D is indeperdent of t, so (75) btecomes

AR N VIR TTRTE N TV ATTL LA SHTS T2 TPOR IO KRR I P TIGA RS IR O IV TR VIR P '«!N&W&WWWWW

&t
x(at) - x(0) =~ A{t)x(0)tt + D _ £(t)dt (77)
0
or
x(tt) =~ (I + Abt)x{0) + Du(e+) (78)
: where
5 Lt
ulee) = 7 £(t)de
0
In difference equation formst
X4l = (1+ AAlt)xu + Dun (79)
To simulate u, we take
at At
Wty = 1 £)E(v)dudy (80)
0 o
or
At At
wlws) = 7 &(u-v)dudv (81)

c o




N AN SN R AT T et AT TN R T T el T

e RIS TSN TR

AT R ™ T et A A e M (I T T M T g T T T T Ty e TR 3 e T T D i pn YT R T e TR LT A TEAINT DR A ST 6 R e e

since f(t) is unity vhite noise. Evaluating the integral as before

uz (at) = At (82)

Thus u is simulated as an uncorrelated sequence of normally distributed

randan numbers with At variance. Comparing (79) with the difference

2quation fcermatr, (2), we see that

n n (83)

where

(84)

D appears here as a single column vector with five entries since, as
previously stated, we ignore the accelerometer instrument noise.

As noted in the flowchart there is a difference between the true
value of vehicle velocity and the accelerometer register cutput. The
accelerometer only starts integrating acceleration at th2 instant the
instrument is engaged, i.e., at t=0. No knowledge of acceleration prior
to t=C is available, thus the accelerometer does not have a measure of the
true velocity initially. The "residual initial condition" term appears
because it is realistic to assume that the accelerometer integreior is
not zeroed perfectly at time t=0, i.e., some initial random voltage

within the AV granularity is present on the integrator output. The
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relation between these quantities for a typical velocity function is
illustrated in Figure 9. The AV quantization :sed for the simulation

is taken to be the same as in 6] and is listed in Table 2.
C. Delta Velocity XKalman Estimator

The subroutine DVKAL is used to implement the incremeatal velocity
Kalman estimator. The recursive equations used are slightly modified

from those given in (10) through (i6). The relationships are

A

A, -—
*n = 6n-lxn-1 (83)
* T
Pn = ‘n-an-I‘n-l + Hn*l (86)
AT Tyn-1
b = (M +46 P .=)Q &7)
Y v - A') (88)
*n = *n a9n " n
P =P -bgb (
n n n? n 89)

with the quantities as previcusly defined. Modification is required
because the ''step-anead” feature of the Kalman filter is not possible,

as the time increment between measurements is not known until the actuel

measurement is wmade, Thus, it is not until time t that we have access

to the value tn - tn-l' The =a priori estimates cf <, and Pn are

obtained at T by evolving the optimum estimstes at t -1 through (85)

and (86).
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Integrated
Acceleration "True" Integrated
Acceleration
X, (0) o Instrumeat 'mtegrate'd
Acceleration ("True" -

x,‘(O) + Residual Initial
1 Condition)

” N

\ Pulse Register :

{ Out put
Residual
Initial __
Condition — P — — 5 +

Figure 9. True velocity and accelarometer output

Certain initial quantities are needed to begin the recursive

A
routine. As seen from (85) and (86). initial values of x .1 and Pn-l

as well as values for B _, and 6 .1 Dust be obtained, Since the means

of 511 the states of xu are zero, ;n-l = 0 is chosen as the initial best
estimate of the states at t=0. The values for the elements of the initial
error covariance matrix are chosen to be the steady-state variances and
covariances relating the various states. We assume that the initisl

"coarse™ alignment period has reducad the level tile (xl) to a value

O vt et on a
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‘fable 2. Quantities used in the simulation

R DVKAL
1T 0 0 0 o
0 3600 0 0 G

P _,(Initial) = 0o o 8.808 ) - 47741
0 o0 0 L7743 0
(0 0 -.47741 0 L2184

”
Pn-l(l’l) in (uinutes of arc)”

Pn-,(2,2) in {(minutes of arc)z

. . 2
Pn-1(3’3) in (inches)

P _(4,%) in (incheslsecoml)2

n-1
Pn_l(S,S) in (inches/secondz)2
e Fliv 2ely = 2 _ 2
Vn = E(.yn ,yn) (.18v)° = (.0394)
M = (-gAt 3o 02 Atz 0 1 0)
] n X n

N =(0 0 o0 -1 90)

n

x 0

xn-l B

LV = 1 cm/sec = (1/2.54) in/sec

TIKAL

*

P (Initial) = Seme as P above
n n-1

Vn = (bV)2 = (1/2.56)2 inzlsecz

M = (gt 5gu t2 o 1 0)
n 5 %

1 sccond

™~
~
1]
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having a standard deviation of one minute of arc while the azimuth
error (xz) is assumed to have a standard deviation of sixty minutes of
arc. Althcugh we assume zero initial cross-correlation between x, and
x,, we must take cross-correlations of the noise states into account as
the white noise driving function distributes itself intu these states
as the process evolves. Values for these steady-state noise variances
and covariances may be obtained by choosing some arbitrary Pn-l matrix
and letting (86) evolve until the values converge, Note, however, that
as time approaches infinity ‘a-l approaches zero, thus P:(t - ®) is
equal to Hn(t - o), These values are readily computed via the HPHI
subroutine (discussed in E below) and arec given in Table 2. The Hn-l

1

equations are used. Other quantities needed for the estimation are

and én_ matrices are obtained from the HPHI subroutine each time the

Vn, Hn’ and !in and are included in Tshle 2. As noted in the table,

Vn is not ze¢ro as was assumed in Section III. 7The desire to insure a
"safe'' measurement model for the simulation led to the addition of a
small amount of measurement noise, If the measurement noise is zero

we see from (15) that as Pn-l decreases, Q becomes very small., Since x,

and x, are deterministic, these elements of Pn~ eventually approach

1

zero making the value of Q subject to computer round-off error. Q can
in fact becume negative, causing the Kalman estimation to diverge. In
addition to the divergence problem, almost any physical situation has
sone small amount of random noise nresent at the measurement. The
addition of the measurement noise thus mgkes the measurement mwodel

"safer" in a phvsical sense. The magnitude of the noisz is assumed

il B IS R AL A S DL S S 22
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to e 10% of the incremental gramularity.

Since we assume that the accelerometer integrator is not perfectly
zeroed at t=0, the first AV meacurement must be ignored as the At time

interval at the time of the measurement does not correspond to a true

velocity increment.

D. Time Interval Kalman Estimatoer

The TiKAL subroutine is included in Appendix & and implements (4)

through (8) to estimate the various states., The accelerometer pulse

count register is assumed to be sampled every second o1 (i.e., 8t =1

second), thus Hn and ‘n are constant matrices with values obtained from

the HPHI subroutine, The initial & priori estimate of X is chosen to

*
be zero while the initial error covariance matrix, P , is obtained as

in Part C above. These and other quantities used in the estimation are

given in Table 2.

E. HPHI Subroutine

The HPHI subroutine computes the state transition {PHI) and driven

response covariance (H) mmtrices in closed form, given a specified time

increment. As previously stated, PHI is obteined from the inverse

Laplace transform of (sI - A)-l and in general form is

- “
1 fiae © 0 0
X
0 1 e _9 ._p_
é(te) = 0 0 r-633(bt) (90)
0 o | through
§
L»0 0 655 (at)
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As noted in Section III 633(At) through 655(At) are of the form (56)
where Kij’ Lij’ and 61j have been previously computed and are furctions
of ¢, B, w., and 02.

The Hn matrix is defined as E(gn gz), the covariance matrix of the
state response due to the white noise input. The first two states are
completely decoupled from the white noise input, thus the corresponding
elements in the H matrix are zero. The variances and covariances relating
the final three states are obtained by forming -onvolution integrals in

the manner of (57) through (61)}. 1In general,

Ac At
885 = xgx, = Iy vy (08 @-v)dudv (91)
0 o
bt
= :‘ Y 2
g Y3y (vidv (92)
0

where y.(u) is the weighting funcrion relating f{t) and x.. The various
Y 4 g i

weighting functions are obtained from Figure 6 with (92) having the

g-neral form

—_— 2 & -280t
gigj =% 3wr (Kij e

~@+Cu ot [~ @+Hw ) sin (BT4,) - u, Vi-¢Z cos (DBE+9, ) ‘J

L C

-(8+Cw )4t [ -(B+u:_) sin (DA:+6j
+ M, . e T r

L c

) - w_ Vl-{z cos (DAt+6j)]
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-ZCusrL\c
+ Nij cos (9i - Oj) e
At
-5 - -r2
v p . .ger: 2ercos(ZMtﬂi4€j)+2erI {" sin (ZDAHO;OJ) ?
ij 2 J
lmr 5
(93)
where
2
C=3 +2§wr5+wr
and
_ 2
D = w_ Yi-g

The constants Kij’ Lij’ Hij’ Nij’ Pij’ 91, and Gj are again precemputed

and are functions of ¢, 8, wr’ and 62.




V. RESULTS

The performance of the incremental velocity Kalman estimator (DVKAL)
was evaluated by compariscon with the "standard" time interval (TIKAL)
system. The results of the ten Monte Carlo simulations are shown graph~
ically in Appendix B. The DVKAL and TIKAL est:i:mates as well as the
trvz values of states one and two, are plotted versus time in these
graphs. In addition to the state estimates, of course, the Kalman filter
aiso computes the error covariance mstrix. These error covariance terms
for level tilt snd azimuth error are averaged over the ten runs and
plotted with the actual squared error in Figures 10 through 13.

Two factors sust be considered vhen evaluating system performance,
these being the accuracy of state estimation and the speed at which this
accuracy is attained. Examining the azlimuth error estimation curves in
Appendix B, we see that in every case the incremental velocity (DVKAL)
estimstor is siperior or equal in both accuracy attained and speed of
response, Trarsients that appear in the individual runs are due to system
dynamics. The ¢stimates and trv: values for the azimuth ezror at the end
of the alignment period (300 seconds) as well as the RMS estimate errors
are given in Table 3. If we define the acceptable "criterion-of-gcodness"™
as estimeting the azimuth error to within five w=inutes of arc, we see
that adequate performance is attained on only three of the TIKAL runs.
This also is illustrated by the RMS error terr which is greater than the
required bound. In comparing the response times, we observe from
Figures 12 and 13 that the average square of the DVKAL azimuth estimation

error is within the desired bound (25 ninz) after approximately 200 seconds
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Table 3. Azimuth error (miautes of arc) after 300 seconds

Run True Value DVKAL Estimate TIKAL Estimate
1 47.208 45,239 57.320
2 89,544 87.214 91.554
3 ~5.046 -5.262 -8.219
4 33.24C 32.650 39.217
5 ~47.490 -47.280 -54.528
6 -81.720 -82.121 -83.994
7 13,332 12,240 4,174
8 42.780 40,228 33.007
9 58.116 54,924 64.869

10 ~106.248 -104,.198 -112.373

RMS Error 1.789 6,856

while the TIKAL error never reaches an acceptabie level.

Results for the level tilts are similar except that the estimate
is obtained more rapidly. The reason for this is that the only measure
that the Kalman filter has of azimich ervor is its connection to the slope
of the level tilt, Thus we expect that th= filter must first estimate
the tilt correctly before it is able to accurately estimate the azimuth
error (which is constant).

The above results are not surprising as the TIKAL measurement algorithm,
in effect, models the physical situstion incorrectly. The signal phyrically

available to the TIKAL estimator is a measure of the total integrated
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acceleratica from the accelervmerer (Figure 8) and is dependent upon
xé(t) and xa(O). Since the estimator has no a priori knowledge of X5
its best estimate of x4(0) is zero. Thus we suspect that as xh(O)
becomes larger the performance suffers accordingly. The DVKAL scheme
is not affected by this problem as it uses an incremental measurement
and estimates the necessary present and delayed states.

Another source of error is the “residual initial condition” which
is the randoan initial voltage on the accelerometer integrator. We see
from Figure 9 that the resulting integrated acceleration function is not
zero initially as is assumed in the TIKAL estimator. Since the DVKAL
technique ignores the first AV mezsurement, errors due to this residual
quantity are also avoided.

The random values used for xa(O) and the "residual initial condition"
as well as the final squared difference between the azimuth error true
and estimated values are listed in Table 4. The actual numbers listed
for x,(C) and the "residual initial condition" are unity variance random
numbers with the necessary additional scaling shown at the top of the table
(the "residual initial condition does not have a truly aormal distribu-
tion as it is not allowed to exceed t.ie granularity AV). As seen from
Table 4 there is a strong correlation between large final errors in the
TIKAL estimation and high iritial values of X thus verifying our

previous suspicions. This effect is iliustrated by taking simulation

Run 1 (which had a large value for xA(O) ) and setting x&(O) = 0. The

result is shown in Figure 14, By compariag Figure 14 with the corre-

sponding graph in Appendix B, the dramatic improvement in performance
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Table 4, Final x5 simulation errors (ninvtesz) and selected
initial conditions

gared o0y

TS VR TR Ry BT T (VAT § mfvwww%
AU SRS

Run DVEAL ) TIRAL x,(0)  Residual Initial
> Error Squarad Error Squared (X0.69) Condition (X AV)
1 3.876 102,243 -1.215 -0.384
2 5,429 4.039 ~6.016 0.490
f 3 0.047 10.067 -0.153 -0.735
E 4 0.348 35.730 ~0.644 0.988
E 5 0.044 49.533 0.827 -0.064
E 6 0.161 5.173 0.343 0.042
’ 7 1.192 83.860 0.894 -0.195
8 6.511 95.516 1.317 6.707
9 10.187 45.603 -0.191 0.969
10 4.202 37.513 0.312 0. 682

is evident, Note that the DVKAL performance is essentially unchanged
thus supporting our earlier allegation ~hat the DLVKAL estimator is
primarily independent of xa(O). Similar results are observed by setting
the "residual initial condition” equal to zero in runs which originally
had large values for that quantity.

4 possible source of error in the DVRAL estimstor arises due to the
measurement noise which is added to the routine to insure a "safe™

measurement model. It is possible for this added noise to slow the rate at

which the covariance terms decrease and thus increase the uncertainty
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associated with the state estimates. In (15, and (10), the added noise
decreases the gain, bn’ thereby weighting the measurezent term less.
Improvement in DVFAL performance for Run 9 is illustrated in Figure 15
by setting the measurement noise equal to zero. The DVKAL response with
noise equal to 107 of AV is included for comparison. Thus, at least
for one rua, improved performance does result from decreased measurement
noise., This means that a smaller value of measurement noise should have
been chosen for the simulation. A study was not conducted to determine
optimum magnitudes for this noise and the value selected was done so on
a purely heuristic basis.

From Figures 12 and 13 it is observed that the TIKAL covariance
quantities approach zero faster than the corresponding DVKAL values.
Thnis is primarily due to the aforementioned DVKAL measurement noise and

{for the process selected, at least) a larger number of TIKAL measurements.
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VI. CONCLUSIONS

Under the conditions and limitations assumed {e.g., zero accelerom-
eter biases), the incremental vel.u:ity (DVKAL)} measurement algorithr
is superior to the time interval (TIKAL} sampiing scheme in both accuracy
of estimation and speed of response. Although the results presented have
been obtained using a single physical process, the positive nature of
these results indicates the need for a more exteasive study to further
establish the performance level and limitarions associated with the
incremental velocity technique,

The errors incurred by the time interval aslgorithm are derived

primarily from its improper modelins of the physicsi situacion.
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